In this paper, we give the categorification of Leibniz algebras, which is equivalent to 2-term sh Leibniz algebras. They reveal the algebraic structure of omni-Lie 2-algebras introduced in [26] as well as twisted Courant algebroids by closed 4-forms introduced in [13] . We also prove that Dirac structures of twisted Courant algebroids give rise to 2-term L∞-algebras and geometric structures behind them are exactly H-twisted Lie algebroids introduced in [10] .
Introduction
Recently, people have payed more attention to higher categorical structures by reasons in both mathematics and physics. One way to provide higher categorical structures is by categorifying existing mathematical concepts. One of the simplest higher structures is a 2-vector space, which is the categorification of a vector space. If we further put a compatible Lie algebra structure on a 2-vector space, then we obtain a Lie 2-algebra [3, 23] . The Jacobi identity is replaced by a natural transformation, called the Jacobiator, which also satisfies some coherence laws of its own. Recently, the relation among higher categorical structures and multisymplectic structures, Courant algebroids, and Dirac structures are studied in [4, 20, 31] .
A 2-vector space is equivalent to a 2-term complex of vector spaces. A Lie 2-algebra is equivalent to a 2-term L ∞ -algebra. L ∞ -algebras, sometimes called strongly homotopy (sh) Lie algebras, were introduced in [24, 15] as a model for "Lie algebras that satisfy Jacobi identity up to all higher homotopies". The notion of Leibniz algebras was introduced by Loday [17] , which is a generalization of Lie algebras. Their crossed modules were also introduced in [18] to study the cohomology of Leibniz algebras. As a model for "Leibniz algebras that satisfy Jacobi identity up to all higher 
Crossed modules of Leibniz algebras and sh Leibniz algebras
A Leibniz algebra g is an R-module, where R is a commutative ring, endowed with a linear map [·, ·] g : g ⊗ g −→ g satisfying
This is in fact a left Leibniz algebra. In this paper, we only consider left Leibniz algebras.
Recall that a representation of the Leibniz algebra (g, [·, ·] g ) is an R-module V equipped with, respectively, left and right actions of g on V ,
such that for any g 1 , g 2 ∈ g, the following equalities hold:
where l g1 u = [g 1 , u] and r g1 u = [u, g 1 ] for any u ∈ V . The Leibniz cohomology of g with coefficients in V is the homology of the cochain complex C k (g, V ) = Hom R (⊗ k g, V ), (k ≥ 0) with the coboundary operator ∂ : 
The fact that ∂ • ∂ = 0 is proved in [18] .
The notion of strongly homotopy (sh) Leibniz algebras, or Lod ∞ -algebras was first given in [1] . See also [29] for more details.
Definition 2.1. [29] A sh Leibniz algebra is a graded vector space
where the exterior powers are interpreted in the graded sense and the following relation is satisfied:
where the summation is taken over all (k − j, j − 1)-unshuffles and "Ksgn(σ)" is the Koszul sign for a permutation σ ∈ S k , i.e.
In particular, if we concentrate on the 2-term case, we can give explicit formulas for 2-term sh Leibniz algebras as follows: Definition 2.2. A 2-term sh Leibniz algebra V consists of the following data:
• a complex of vector spaces V :
such that for any w, x, y, z ∈ V 0 and m, n ∈ V 1 , the following equalities are satisfied:
(f) the Jacobiator identity:
We usually denote a 2-term sh Leibniz algebra by (
If l 3 = 0, we obtain the notion of 2-term differential graded (dg) Leibniz algebra. If the bilinear maps l 2 and the trilinear map l 3 are skew-symmetric, then it is a 2-term L ∞ -algebra.
Lemma 2.3. For a 2-term dg Leibniz algebra
Proof. By Condition (e 2 ) and (e 3 ) in Definition 2.2, we have
The notion of crossed module of Leibniz algebras was introduced by Loday and Pirashvili in [18] . The more general notion of crossed module of n-Leibniz algebras, which are generalizations of n-Lie algebras, was given by Casas, Khmaladze and Ladra in [7] .
Definition 2.4. A crossed module of Leibniz algebras is a morphism of Leibniz algebras
together with a representation of h (consists of a left action and a right action satisfying the compatibility condition (1)) on g such that for any g, g ′ ∈ g, h ∈ h, the following equalities hold:
[ 
, and the following two bracket operations on g and h: 
which implies that µ is a morphism of Leibniz algebras. Define the representation of h on g by l 2 , i.e.
It is well defined. In fact, by Condition (e 1 ), we have
By (3), we have
Now by Condition (e 3 ), we have r [u,v] 
which implies that (1) holds. By Conditions (a)-(c), we have (4) and (5) . By Condition (e 1 ) and (a), we have
which yields (6) . By Condition (e 2 ), we have
which implies that (7) holds. By (3), we have
Thus we get (8) . Therefore, we obtain a crossed module of Leibniz algebras. Conversely, a crossed module of Leibniz algebras gives rise to a 2-term dg Leibniz algebra with d = µ, V 1 = g and V 0 = h, where the brackets are given by:
The crossed module conditions give various conditions for 2-term dg Leibniz algebras. We omit details.
Skeletal 2-term sh Leibniz algebras can be classified by the third cohomology of Leibniz algebras.
Proposition 2.8. There is a one-to-one correspondence between skeletal 2-term sh Leibniz algebras
(V 1 0 −→ V 0 , l 2 , l 3 ) and
quadruples (g, V, ρ, φ), where g is a Leibniz algebra, V is a vector space, ρ is a representation of g on V , φ is 3-cocycle on g with coefficients in V .
Proof. For a skeletal 2-term sh Leibniz algebra (
2, V 0 is a Leibniz algebra. By Condition (e 1 ), (e 3 ) in Definition 2.2 and (3) in Lemma 2.3, we get that l 2 :
gives rise to a representation of Leibniz algebra V 0 on V 1 . Now Condition (f ) means that ∂l 3 (w, x, y, z) = 0 by Formula (2).
The converse part is also straightforward, this completes the proof.
Definition 2.9. Let V and V ′ be 2-term sh Leibniz algebras, a morphism f from V to V ′ consists of
and
In particular, if V and V ′ are 2-term L ∞ -algebras and f 2 is skew-symmetric, we recover the definition of morphisms between 2-term L ∞ -algebras.
If (f 0 , f 1 ) is an isomorphism of underlying complexes, we say that (f 0 , f 1 , f 2 ) is an isomorphism. It is obvious that 2-term sh Leibniz algebras and morphisms between them form a category.
Leibniz 2-algebras
Leibniz 2-algebras are the categorification of Leibniz algebras. Vector spaces can be categorified to 2-vector spaces. A good introduction for this subject is [3] . Let Vect be the category of vector spaces.
Definition 3.1. [3]
A 2-vector space is a category in the category Vect.
Thus a 2-vector space C is a category with a vector space of objects C 0 and a vector space of morphisms C 1 , such that all the structure maps are linear. Let s, t : C 1 −→ C 0 be the source and target maps respectively. Let · v be the composition of morphisms.
It is well known that the 2-category of 2-vector spaces is equivalent to the 2-category of 2-term complexes of vector spaces. Roughly speaking, given a 2-vector space C, Ker(s) t −→ C 0 is a 2-term complex. Conversely, any 2-term complex of vector spaces V :
−→ V 0 gives rise to a 2-vector space of which the set of objects is V 0 , the set of morphisms is V 0 ⊕ V 1 , the source map s is given by s(v + m) = v, and the target map t is given by t(v + m) = v + dm, where v ∈ V 0 , m ∈ V 1 . We denote the 2-vector space associated to the 2-term complex of vector spaces V :
In this paper, we always assume that a 2-vector space is of the above form.
Definition 3.2. A Leibniz 2-algebra is a 2-vector space V endowed with a bilinear functor (bracket)
such that the following Jacobiator identity is satisfied: (13) or, in terms of a diagram,
where P and Q are given by
In particular, if the Jacobiator is trivial, we call a strict Leibniz 2-algebra; if the bilinear functor ·, · and the trilinear natural isomorphism J are skew-symmetric, we recover the notion of semistrict Lie 2-algebras [3] . • a skewsymmetric natural transformation
or in terms of diagram,
It is obvious that Leibniz algebras and morphisms between them form a category. In the case of semistrict Lie 2-algebras, it is well known that the category of semistrict Lie 2-algebras and the category of 2-term L ∞ -algebras are equivalent [3, Theorem 4.3.6] . Similarly, we have Proof. We only give a sketch on how to construct a Leibniz 2-algebra from a 2-term sh Leibniz algebra and how to construct a 2-term sh Leibniz algebra from a Leibniz 2-algebra. The other proof is similar to Theorem 4.3.6 in [3] . We omit details.
Let
be a 2-term sh Leibniz algebra, we introduce a bilinear functor ·, · on the 2-vector space V given by (11) by
It is straightforward to see that it does not satisfy the Leibniz rule and the Jacobiator is given by
By Condition (f), it is not hard to see that (13) is satisfied. Thus from a 2-term sh Leibniz algebra, we can obtain a Leibniz 2-algebra.
Conversely, given a Leibniz 2-algebra V, we define l 2 and l 3 on the 2-term complex
• l 2 (m, n) = 0, ∀ m, n ∈ V 1 .
• l 3 (x, y, z) = P r 1 J x,y,z , ∀ x, y, z ∈ V 0 , where P r 1 :
Then one can verify that (
is a 2-term dg Leibniz algebra.
Omni-Lie 2-algebras
From now on, when we say a Leibniz 2-algebra, we mean a 2-term sh Leibniz algebra. In this section, we provide an example of Leibniz 2-algebras which comes from omni-Lie 2-algebras [26] , which is the categorification of Weinstein's omni-Lie algebras.
and a bracket operation [·, ·] given by the graded commutator. More precisely, for any
These two operations make End
into a 2-term DGLA (proved in [28] ), which we denote by End(V). It plays the same role as gl(V ) for a vector space V .
Let f = (f 0 , f 1 , f 2 ) be an automorphism of the 2-term DGLA End(V). On the complex
Similarly, (e 2 ) follows from the fact that
and (e 3 ) follows from the fact that
Now we are left to show that l f 3 satisfies the Jacobiator identity. This essentially follows from the fact that f is an automorphism of End(V). More precisely,
The last equality follows from the fact that f is an automorphism of End(V). This finishes the proof of (End(V) ⊕ V, l f 2 , l f 3 ) being a Leibniz 2-algebra.
Twisted Courant algebroids
Hansen and Strobl introduced twisted Courant algebroids by closed 4-forms in [13] , which arise naturally from the study of three dimensional sigma models with Wess-Zumino term.
Definition 5.1. [13] A twisted Courant algebroid by a closed 4-form H is a vector bundle E −→ M , together with a fiber metric ·, · (so we can identify E with E * ), a bundle map ρ : E −→ T M (called the anchor), a bilinear bracket operation (Dorfman bracket) {·, ·} on Γ(E)
, and a closed 4-form H such that for any e 1 , e 2 , e 3 ∈ Γ(E), we have We will denote a twisted Courant algebroid by (E, ·, · , {·, ·}, ρ, H), which is exactly the Courant algebroid ( [16, 22] ) if H = 0.
Remark 5.2. In [5] and [9], the authors defined the first Pontryagin class for a quadratic Lie algebroid as an obstruction of the extension to a Courant algebroid. In fact, it is not difficult to see that the closed 4-form H given above is just the first Pontryagin class of the corresponding ample Lie algebroid of a regular twisted Courant algebroid.
Roytenberg proved that every Courant algebroid gives rise to a 2-term L ∞ -algebra in [21] . Now every twisted Courant algebroid by a closed 4-form gives rise to a Leibniz 2-algebra. 
Theorem 5.3. Every twisted Courant algebroid by a closed 4-form (E, ·, · , {·, ·}, ρ, H) gives rise to a Leibniz 2-algebra, whose degree-1 part is
To prove this theorem, we need the following two lemmas.
Lemma 5.4. Let (E, ·, · , {·, ·}, ρ, H) be a twisted Courant algebroid by a closed 4-form H, then for any f ∈ C
∞ (M ), we have 
The proof is completed. 
Lemma 5.5. Let (E, ·, · , {·, ·}, ρ, H) be a twisted Courant algebroid by a closed 4-form H, then we have
Thus for any g ∈ C ∞ (M ), we have
which is exactly dH(ρ(e 1 ), ρ(e 2 ), ρ(e 3 ), ρ(e 4 ), X). Since H is closed 4-form, thus dH = 0. Therefore, l H 3 satisfies the Jacobiator identity. This finishes the proof of (Ω 
By choosing an isotropic splitting s : T M −→ E, as vector bundles, we have
We can transfer the twisted Courant algebroid structure to
By (24) and (25), we have ρ{s(X), ρ * (η)} = 0, which implies that {s(X), ρ * (η)} ∈ Ω 1 (M ). For any Z ∈ X(M ), by (17), we have
Similarly, we have
By (24), we can assume that {s(X),
It is not hard to deduce that h ∈ Ω 
for some 3-form h ∈ Ω 3 (M ). We will denote this bracket operation by {·, ·} h .
Consequently, any exact twisted Courant algebroid by a closed 4-form H (E, ·, · , {·, ·}, ρ, H) is isomorphic to the twisted Courant algebroid
(T M ⊕ T * M, ·, · , {·, ·} h , ρ, dh), i.e.
the closed 4-form in an exact twisted Courant algebroid must be exact.
It is well known that if we change different splittings, the 3-form changed by an exact one. For
It is straightforward to deduce that
Thus we have
Proposition 5.7. Let (E, ·, · , {·, ·}, ρ, H) be an exact twisted Courant algebroid. If we choose different splitting, we obtain two isomorphic exact twisted Courant algebroid (T , ·, · , {·, ·} h+dB , ρ, dh) and (T , ·, · , {·, ·} h , ρ, dh). The isomorphism is given by e B . In particular, if dB = 0, e B is an automorphism of the exact twisted Courant algebroid (T , ·, · , {·, ·} h , ρ, dh).
For exact twisted Courant algebroids, since ρ : T −→ T M is the projection, ρ * : T * M −→ T is the inclusion map. Thus by Theorem 5.3, we obtain the following Leibniz 2-algebra. 
and the trilinear map l dh 3 is given by
If we choose a different splitting for the exact twisted Courant algebroid by a closed 4-form H (E, ·, · , {·, ·}, ρ, H), we obtain an exact twisted Courant algebroid (T , ·, · , {·, ·} h+dB , ρ, dh) for some B ∈ Ω 
Proof. First it is obvious that
This shows that (9) in Definition 2.9 holds. At last, we show that (10) in Definition 2.9 also holds. In fact, for any X + ξ, Y + η, Z + γ ∈ Γ(T ), first we have
Thus the left hand side of (10) is equal to
which is equal to
Acting on arbitrary W ∈ X(M ), we get
which is zero since d 2 = 0. Thus (10) in Definition 2.9 holds. Therefore, (f 0 = e B , f 1 = Id, f 2 ), where f 2 is given by
is a morphism of the Leibniz 2-algebra (Ω
It is an automorphism of Leibniz 2-algebras follows from the fact that (f 0 = e B , f 1 = Id) is an automorphism of the underlying complex.
Dirac structures of twisted Courant algebroids
Dirac structures of a twisted Courant algebroid by a closed 4-form can be defined as usual. By (16) , the restriction of the bracket operation {·, ·} on Γ(L) is skew-symmetric. In general, for Courant algebroids, the restriction of {·, ·} on a Dirac structure is a Lie bracket. Denote the set (ρ 
are given by (19) and (20) respectively.
Proof. First it is not hard to see that (Ω
. In fact, for any e 1 , e 2 ∈ Γ(L), by the definition of Dirac structures, we have l 2 (e 1 , e 2 ) ∈ Γ(L). It is also obvious that for any e ∈ Γ(L) and 
Similar to the discussion in [25] , the graph of a bundle map π ♯ is a Dirac structure of the exact twisted Courant algebroid (T , ·, · , {·, ·} h , ρ, dh) if and only if For the case that the 3-form h is closed, i.e. dh = 0, it is discussed byŠevera and Weinstein in [25] . See [8, 19] for more details.
One can introduce a bilinear skew-symmetric bracket operation on the cotangent bundle of an h-twisted Poisson manifold (M, π) by
Then we have , l 3 (ξ, η, γ)) + c.p.(θ, ξ, η, γ) − (l 3 ([θ, ξ] π,h , η, γ) + c.p.(θ, ξ, η, γ) 
The last equality follows from the fact d 2 = 0 and
Therefore, l 3 satisfies the Jacobiator identity. This finishes the proof of (Γ(Ker(π)) −→ Ω 1 (M ), l 2 , l 3 ) being a 2-term L ∞ -algebra.
For an h-twisted Poisson structure π, the graph of π ♯ , which we denote by G π ⊂ T , is a Dirac structure. The 2-term L ∞ -algebra constructed in Theorem 6.4 is isomorphic to the 2-term L ∞ -algebra constructed in Theorem 6.2 for the Dirac structure G π . More precisely, for the Dirac structure G π , we have ( 
Thus (f 0 , f 1 ) is an isomorphism of 2-term L ∞ -algebras. 
